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, Abstract. The rational Cherednik algebra H is a certain algebra of differential-reflection operators at- 

yrr^ 1 tached to a complex reflection group W and depending on a set of central parameters. Each irreducible 

' representation of W corresponds to a standard module M(A) for H. This paper deals with the infinite 

^ ' family G(r, 1, n) of complex reflection groups; our goal is to study the standard modules using a commutative 

^ , subalgebra t of H discovered by Dunkl and Opdam. In this case, the irreducible VF-modules are indexed by 

Q ■ certain sequences A of partitions. We first show that t acts in an upper triangular fashion on each standard 

' module M(A), with eigenvalues determined by the combinatorics of the set of standard tableaux on A. As 

' a consequence, we construct a basis for M(A) consisting of orthogonal functions on C" with values in the 

, representation S^. For G(l,l,n) with A = (n) these functions are the non-symmetric Jack polynomials. 

We use intertwining operators to deduce a norm formula for our orthogonal functions and give an explicit 
combinatorial description of the lattice of submodules of M(A) in the case in which the orthogonal func- 

' tions are all well-defined. A consequence of our results is the construction of a number of interesting finite 

, dimensional modules with intricate structure. Finally, we show that for a certain choice of parameters there 

• 1 is a cyclic group of automorphisms of H so that the rational Cherednik algebra for G(r, p, n) is the fixed 

i-S^ ' subalgebra. Our results therefore descend to the rational Cherednik algebra for G(r, p, n) by Clifford theory. 
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1. Introduction. 



•/^ . The rational Cherednik algebra H is an algebra attached to a complex reflection group W and depending 



on a set of central parameters indexed by the conjugacy classes of reflections in W. The representations of 
the rational Cherednik algebra are closely connected with those of the (finite) Hecke algebra of W, and with 
the geometry of the quotient singularity ([} © i)*)/W, where f) is the reflection representation of W. 

In this paper we focus on the groups G{r, 1, n) and use the commutative subalgebra t of H introduced by 



I Dunkl and Opdam in (jOl), section 3, together with the technique of intertwining operators, introduced for the 
• • i double affine Hecke algebras by Cherednik (see, for example, (@) and the references therein). Our first main 

X 



result is Theorem I5.1[ where we show that t acts in an upper triangular fashion on each standard module 
M(A) with simple spectrum for generic choices of the defining parameters; the theorem implies the existence 
5— i I of a basis /^^t of M(A) consisting of functions orthogonal with respect to the contravariant form on M(A). 

Our second main result is Theorem 17.51 in which we describe in a combinatorial way the set of pairs (/i, T) 
indexing a basis /^,t for each submodule of M(A), in those cases for which the orthogonal functions /^^t 
are all well defined. Theorem 17.51 may be helpful for understanding two of the outstanding problems in the 
representation theory of H: what are the finite dimensional H-modules, and (when combined with the norm 
formula of Theorem 16. ip what are the graded composition multiplicities [A/(Ai) : L{X2)] with respect to the 
Jantzen filtration of M(Ai)? 

One benefit of our approach is that it is elementary, requiring only linear algebra and some well-known 
combinatorics. A second benefit is that it provides the most explicit information currently available on the 
submodule structure of the standard modules (outside of the case of dihedral groups, worked out in (0)). 
The main disadvantage of our approach is that there is no obvious way of generalizing it to the exceptional 
complex reflection groups; perhaps this is not surprising, since the groups G{r,p,n) have the most obvious 
combinatorial structure of all the complex reflection groups. A second disadvantage is that one has to work 
harder to obtain detailed information when the spectrum of t is not simple. Part of the analysis in this more 
difficult case is carried out for the symmetric group G{1, l,n) and the polynomial representation M(triv) 



of H in (jlOj) and (jlll ). We do not attempt to obtain analogous results here, but it should be noted that 
our Theorem 17.51 was inspired by a question posed at the end of the paper (jllh . It would be interesting to 
generalize the results of the papers (jlOl ) and (jlll ) to arbitrary standard modules M(A). Our paper provides 
a starting point. 
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Another approach to studying the representations of the rational Cherednik algebra is via the correspond- 
ing monodromy representations of the finite Hecke algebra of W (the "Knizhnik-Zamolodchikov functor"). 
This is done, for example, in (fisl ) and (Q). It has the advantage of applying to all complex reflection groups 
(though at present there are only case by case proofs of certain of the necessary theorems for finite Hecke al- 
gebras of complex reflection groups). It is our feeling that, for the infinite family G{r,p, n), the two approachs 
(via the KZ functor or via diagonalization and intertwining operators) should be regarded as complementary. 

We will now state our results more precisely. Let W ~ G{r, l,n). We will assume for the introduction that 
the reader is familiar with standard Young tableaux on r-partitions of n (see section [5] for our definitions). 
As a vector space and for any choice of parameters, the algebra H is isomorphic to 

(1.1) S{i)*)(E)CW(ES{i)). 

The irreducible CM^-modules are indexed by sequences A = (A°, A^, . . . , A''^^) of partitions with n total 
boxes, and if is the irreducible corresponding to A then it has a basis {vt \ T £ SYT(A)} indexed by 
standard tableaux on A. The action of a certain generating set of G(r, 1, n) on this basis can be made quite 
explicit (see Theorem 13. ip . The standard module corresponding to A is then 

(1-2) M{X)=lnd^^^swS\ 

where S'(f)) acts on 5''^ via y.v = for all y G t) and v £ S^. As a vector space 

(1.3) M(A) ~ S'(t)*) S'\ 

and it follows that the elements (E) 'w~^ .vt for /i G Z"q and T G SYT(A) are a basis of M(A), where 
G Sn is the longest element of Sn so that /i" = w^.^l is non-decreasing. 

Now we can state a simplified version of our first main result. The more precise statement is Theorem 

[Q 

Theorem 1.1. There is a partial order < on Z"g x SYT(X) so that the algebra t acts in an upper-triangular 
fashion on the basis ®w~^ .vt ■ For generic values of the parameters the t-eigenspaces are one-dimensional, 
and there exists a family f^^^T of elements of M{X) determined by 
((i) ffi,T = x^ (E) w~^.vt + lower terms, and 
(b) fij.,T is a t-eigenvector. 

We need a bit more notation to state our second main result. As above let /i~ be the non-decreasing 
rearrangement of fj, and let G Sn be the longest element with ui^./i = /i^. Let F = Z"q x SYT(A). For a 
box 6 G A and a positive integer k, define 

Tb.fc = {Uj.,T) G F I AiT-i(b) ^ 
and for a pair 6i, 62 G A of boxes of A and a positive integer k, define 

Tbi.b2,k = {(M, r) G F I ^iT-^b^) - MT-i(fc2) > ^' l^T-^bi) - A*^-i(b2) = ^ < ^^"^(^2)} 

Write 

(1.4) Mb,k = C-span{/^,T | (m, T) G Tb,k} and Mb.^b^.k = C-span{/^,T | (m, T) G Ffc,,b,,fc} 

for the C-spans of Ff,^fc and Tb-^^b2,k- The algebra H depends on parameters cq, do, di, . . . , d^-i. Our second 
main result (Theorem I7.5p is 

Theorem 1.2. Suppose the spectrum of M(X) is simple (see Lemma \7.1^ . 

(a) Let k G Z>o, b G A*. Then Mb^k is an M-submodule of M{X) exactly if k = di ~ di^k + ct(6)rco, where 
ct{b) is the content of the box b. 

(b) Let k G Z>o, &i G A* . 62 G A^ . Then Mb-^.b2.k is an M-submodule of M{X) exactly if k = i — j mod r and 
k — di — dj -\- {ct{bi) — ct{b2) ± l)rco. . 

(c) Every submodule of M{X) is in the lattice generated by taking intersections and sums of the submodules 
of types (a) and (b). 

Using the theorem it is straightforward to generate many examples of finite dimensional representations 
of the rational Cherednik alg ebra of G(r, l,n) (see 18.21 and 18. 3p . As far as we know, "most" of these have 
not appeared before. In (|30|) and for r = 1, Suzuki classifies the irreducible modules on which t acts with 
one-dimensional eigenspaces. In many cases L{X) has one-dimensional eigenspaces while M[X) does not, so 
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we do not deduce his results from ours. On the other hand, we are interested in the structure of the standard 
modules themselves, which does not follow directly from Suzuki's work even for r = 1. 

In Corollarv l8.11 we construct a large number of finite dimensional H-modules, most of which have not 
appeared before. 

Section 2 fixes notation, and sections 3 and 4 of the paper are a review of standard material. We only 
sketch the proofs of the assertions made in these sections, providing references where appropriate. Section 
3 describes Young's orthonormal form for the complex representations of the group G{r, 1, n). In the fourth 
section we define the rational Cherednik algebra H and state results we need in the rest of the paper. 
In the fifth section we show that a certain commutative subalgebra i Q H acts in an upper triangular 
fashion on the standard H-modules, and give explicit formulas for the eigenvalues. For generic choices of 
the parameters defining H, we show that each standard module has a t-eigenbasis consisting of analogues of 
the non-symmetric Jack functions. We give explicit formulas determining the H-action on this eigenbasis. 
In the sixth section we compute the norms of the t-eigenfunctions with respect to the contravariant form. 
This calculation may be used to describe the radical and the irreducible head of the standard modules in 
those cases for which the eigenfunctions are well-defined. The seventh section contains our combinatorial 
description of the submodules of M[\) in the case in which the t-eigenspaces are all at most one-dimensional. 
The combinatorics developed in this section for the purposes of proving Theorem 17.51 should also be useful 
for analyzing the case in which t acts non-semisimply on M{X). Section [7] concludes with some examples 
illustrating how Theorem 17.51 may be used. In Section [5] we show how we may deduce information for the 
rational Cherednik algebra of type G(r, p, n) from that for G'(r, 1, n) by using the version of Clifford theory 
given in the appendix of ((27l ). 



2. Notation and preliminaries 

Let Sn be the group of permutations of the set {1, 2, . . . , n}. The notation wi < W2 for wi,W2 S Sn refers 
to Bruhat order, and we write l{w) for the length of an element w e 5„. Let wq £ Sn be the longest element, 
with 



(2.1) 



u'o(i) 



i + 1 for I < i < n. 



For a sequence /i G Z" q of n non-negative integers, we write /i+ for the non-increasing (partition) rearrange- 
ment of /i, and /i^ for the non-decreasing (anti-partition) rearrangement of /i. For w G Sn and /i G ^>0) the 
formula 

(2.2) W.fl = (Mu;-1(1))Mu)-1(2)' ■ ■ ■ T fJ-w-i-(n)) 

defines a left action of S'„ on Z"g: the ith coordinate of wi.{w2-ti) is (if'2-Ai)^,-i(i) = l^w^^w^'^ii) ~ l^(wiW2)-'^{i)- 
Let Wf^ be the longest element of Sn such that w^./i — fi^; thus 

(2.3) Wf,{i) ^\{l<j<i\ ^iJ < + \{i<j<n\ fij < 

Let c — (12 ■ ■ - n) be the long cycle in Sn, let G be the element with a 1 in the ith. position and O's 
elsewhere, and define 



(2.4) 

For /i G Z"q one has 
(2.5) 



-1-1 + en and ^./i = c./i — ei. 



Wcfi.p, = w^c and if Sj./i ^ /i then 



Let m be a non-negative integer. A partition of length m is a non-increasing sequence A = (Ai > 
A2 > • ■ ■ > Am > 0) of m positive integers. Let r be a positive integer. An r-partition is a sequence 
A = (A'^, A^, . . . , A*"^^) of r partitions of unspecified lengths — some may be empty. The Young diagram of 
an r partition A is the graphical representation consisting of a collection of boxes stacked in a corner: the 
Young diagram for the 4-partition ((3, 3, 1), (2, 1), 0, (5, 5, 2, 1)) of 23 is 



/ 
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A standard young tableau T on an r-partition A of n is a filling of the boxes of A with the integers 
{1, 2, . . . , n} in such a way that within each partition A% the entries are strictly increasing from left to right 
and top to bottom. For example, 



2 


4 


6 


3 


9 





1 


5 


7 


8 



is a standard Young tableau on the 2-partition (3, 2), (2, 2). More formally, a tableau T may be thought of 
as a bijection from the set {1, 2, . . . , n} to the set of boxes in A. We write 

(2.6) — the box 5 of A in which i appears. 

Then for tableaux S and T on A, the permutation S^^T of {1, 2, . . . , n} is a measure of the distance between 
S and T. 

For an r-partition A we write 

(2.7) SYT(A) = {standard Young tableaux on A}. 

We define the content of a box 6 e A* to be j — z if & is in the iih row and j th column of A' . We write 

(2.8) ct(6) = content of b. 
We also define the function /3 on the set of boxes of A by 

(2.9) P{h) = i if&eA\ 
Thus for the tableau T pictured above, one has 

(3{T{7)) ^ 1 and ct(r(3)) = -1. 
Fix positive integers r and n and a positive integer p dividing r. Let 

(2.10) W = G{r,p,n) 

be the group of n by n monomial matrices whose entries are rth roots of 1, and so that the product of the 
non-zero entries is an r/pth root of 1. Wc write 

(2.11) 'CW — C-span{i^ | w G W} with multiplication t^-^tyj^ = t^^^^ for wi,W2 £ W 
for the group algebra of W . Let C, = ^^'■1'^ and 

(2.12) C,=diag(l,...,C,...,l) 

be the diagonal matrix with a C in the ith position and I's elsewhere on the diagonal. Let 

(2.13) = {if) and Si = s^^i+i 

be the transposition interchanging i and j and the ith simple transposition, respectively. 

3. Representations of G(r,\,n) via Jucys-Murphy elements. 

In this section we review the approach to the complex representations of = G(r, 1, n) via Jucys-Murphys 
elements. This approach has been known for quite some time. It appears that the Jucys-Murphy elements 
we will use appeared first in H) for the groups G(2, 1, n) and G(2, 2, n), and for the groups G{r p, n) in ((ish. 
The results, in the form that we will use them, may be found in unpublished notes (|26l ) and (|20r). We will use 
these results to give a combinatorial description of the standard modules for the rational Cherednik algebra 
of type G(r, 1, n). 

For 1 < i < n define a Jucys-Murphy element (pi £ CW by 

(3.1) E^c;..c-'- 

l<j<i 1=0 

Let s be the subalgebra of CW generated by and t^. for 1 < z < n. We will describe the eigenspace 
decomposition of the irreducible CW^-modules with respect to s in terms of certain tableaux. 

The following theorem, stated in this way, may be found in the notes at ([20h: see Corollary_3.5 and section 
4. Equivalent results are contained in (26). Similar results are given in the papers (jll) and Q). It should be 
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considered well-known, though we do not know of a published reference in which it is stated in the form we 
shall use it. For 1 < i < n — 1 define operators n on CW-modules by 

1 ''^^ 
(3.2) Ti = ts^ + TT,; where tt^ = i . 

By part (b) of the Theorem l3.H r,; is well-defined on every CW module. Let P^.n denote the set of r-partitions 
of n. 

Theorem 3.1. The irreducible representations of CW may be parametrized by X € Pr,n in such a way that 
if S'^ is the irreducible module corresponding to \, then has a basis vt indexed by T ^ SYT{X) with 

(a) For each T £ SYT(X), the s-weight of vt is given by 

(j)^.VT = rct{T(i))vT and t^^.vr = ('^^'^'^'''''vt- 

where the functions ct and (3 are defined in (12. 8p and (|2.9p . 

(b) For each T S SYT{\) and! <i <n-l, 

if Si.T is not a standard tableau, 



n-VT 



( 1 ~ ( ct(T(»+i))-ct(T(»)) ) ) ""s.-r if Si-T is a standard tableau and QPi'^i'^') = QPiT(i+i)) ^ 

Observe that the s-eigenspaces on S'^ are one-dimensional. In particular, the dimension of is the 
number of standard tableaux on A. 

Let ^ e Z"q. In our analysis of the spectrum of the standard modules for the rational Cherednik algebra 
we will need the elements defined by 

(3-3) '/'r= E ^c^.cr'+ E *c^..cr' fo'^i<*<"- 

l<j<i i<j<n 
M3<Mi fJ.j<fJ.i 
0<l<r-l 0<i<r-l 



One checks by direct calculation that with as in 

twl(t>ni^{i)tw^ =(l>i for 1 < i < n and fi £ Z|(,. 

Hence if 

(3.4) v'T=t^l-yT 
then 

(3.5) (f>'!-VT^rct{T{Wf,{i)))v^ and t^, .< = C''^^^""^*"^^- 
4. The rational Cherednik algebra of type G(r,l,n). 

Let 

= (0,. ..,0)* and a:, = (0, . . . , 1, . . . , 0) 
have I's in the ith position and O's elsewhere, so that yi, ...,?;„ is the standard basis of f) = C" and xi, . . . ,Xn 
is the dual basis in f)*. Let F 3 C be a field containing the complex numbers and fix /t, cq, di, . . . , dr-i £ ^• 
In our applications, F will be either C or the field of rational functions in the parameters k, cq, di, . . . , dr-i 
over C. We define di for all i S Z by the equations 

(4.1) do + di + ■ ■ ■ + dr-i — and di — dj if i = j mod r. 

The rational Cherednik algebra H for G(r, l,n) with parameters K,co,di, . . . ,dr-i is the P-algebra gen- 
erated by F[xi, . . . , Xn], F[yi, ■ • ■ , J/n], and FG{r, 1, n) with relations 

ty,x = {wx)tw and t^y = {wy)t^, 

for w,v £W, x e f)*, and y e f), 

r-1 

(4.2) y,Xj = Xjy, + co E C^'^C^^Cr'' 
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for 1 < i ^ J < n, and 

r — 1 r — 1 

(4.3) yiX^ = XiVi + K- ^{dj - dj-i)ey - co ^ ^ *C^.,Cr' ' 

i=0 j=jti 1=0 

for 1 < i < n, where G CW^ is the idempotent 

(4.4) e., = igr'^t,,. 



r 



The PBW theorem (see (jl), HI), and (0)) for H asserts that as i^- vector spaces, 

(4.5) M~F[xi,...,Xn] ®FFW<»FF[yi,...,yn]. 

The following proposition is obtained from Proposition 2.3 of (flil ) by specialization to the case W = 
G{r, 1, n). The parameters in that paper are attached to conjugacy classes of reflections. If c/ is the parameter 
attached to the class containing C,[ then the formula ci — ^ S^=o (for ^ = Ij 2, . . . , r — 1) relates these 

parameters to ours. 

Proposition 4.1. Let ji E Z"g and 1 < i < n. Then 

where /las a 1 in the ith position and O's elsewhere. 
In (0) section 3, Dunkl and Opdam defined elements 



r-l 



(4.6) = j/iXi + co^i where 4 = ^ X^C'° 

l<j<i i=0 

and proved that they are pairwise commutative. By use of 14. 31 we have 

r-l 

(4.7) Zi = Xiyi + K- '^{dj - dj^i)eij - cq ^ ^C^^i^cr'' 

J— i<j<.n 
0<l<r-l 

Let t be the (commutative) subalgebra of H generated by zi , . . . , z„ and t^^ , . . . , . If a : t — > is an 
i^-algebra homomorphism and AI is an H-module, define the a-weight space Ma by 

(4.8) M„ = {to e M I there is g e Z>o such that (/ - a(/))«.m = for aU / G t.} 
If u e M, we say that v has t- weight (ai , . . . , a„ , C'^^ . . . , (^^" ) if 

(4.9) Zi.v — UiV and i^i-w = C,^^v for 1 < i < n. 

If f 7^ then the sequence (ai , . . . , a„ , . . . , C'^" ) is determined by (|4.9p . As observed in (0) , the subalgebra 
of H generated by t and is the generalized graded affine Hecke algebra for G{r, 1, n) introduced by Ram 
and Shepler in (|28l). 

The intertwining operators ai are the operators 

(4.10) a., = ts, + TTi for 1 < i < n - 1. 

The operator ai is defined on those t-weights spaces Ma on which Zi — z^+i is invertible or tt^ is zero. They 
satisfy the relations 

(4.11) Ziai ^ <7iZi+i, ZiCTj ^ ajZi \ij^i-l,i, 

(4.12) tQ.ai^ aitc^^^^, t^.aj ^ (TjtQ^ iij^i-l,i, 

. . , o^ J 2 - - C07ri)(Zj - Z,+ l + CoTTj) 

(4.13) cTiO-j+iCTj o-i+io-jCTi+i, and cr^ = , 

(zi - Zi+iy 

for 1 < i < n — 2 and 1 < i < n — 1, all of which can be checked by straightforward (sometimes lengthy) 
calculations. 
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We also define the intertwining operators $ and ^> by 

(4.14) = Xnts„^,-s, and * yitsi-s„_i ■ 
The intertwiner $ was discovered by Knop and Sahi ((H^))- Put 

(4.15) 0.(ai, . . . , a„, C''\ . . . , C''") = ("2, . . . , a„, ai + k - dp,., + dp,-2, C"' , ■ ■ ■ , C"", C''^"')- 
Let ^ — (j>^^ , so that 

(4.16) ^.{au . . . , a„, C^S . . . , C''") = ((a„ - k + - V-i, "i, ■ • ■ , C'^"+\ C'S . . . , C^""0- 

Let S'„ act on weights by simultaneously permuting the a^'s and (^'^s. 

The following proposition, proved in (|l9r ) Lemmas 5.2 and 5.3, records the properties satisfied by the 
intertwining operators ^, and ai for 1 < i < n — 1. 

Proposition 4.2. Lei M be an M-module and suppose m M has i-weight wt{m) = (ai, . . . , q;„, , . . . , C''")- 

('aj If C^^ 7^ (^/^i+i or Oi+i ^ ai then ai.m is well-defined with weight 

wt(ai.m) = Si.wt{m). 

(h) The weights of^.m and ^'.m are 

wt{^.m) = (j).wt{m) and wt{^/.m) — il).wt{m). 

(c) vI/$ = zi, and 
(d) 

r-l 

= z„ - K + '^{dj - dj^i)enj. 
5. Spectrum of M{X). 

Recall from Theorem 13.11 that the irreducible CW^-modules 5'^ are parametrized by r-partitions A of n. 
Define the Verma module M(A) to be the induced module 

(5.1) M{X) — l^ad^^Yf^p^y^ y^^S^, 

where by abuse of notation is the FW^-module obtained by extension of scalars to F and we define the 
F[yi, . . . , y„] action on by 

(5.2) Ui.v = for 1 < I < n and v e S^. 

By the PBW theorem (14. 5p for H we have an isomorphism of i^- vector spaces 

(5.3) M{X)2iF[xi,...,Xn]<E>FS^. 

As usual let SYT(A) be the set of standard Young tableaux on A. We will show that for generic choices 
of the parameters k and ci, the standard module A/(A) has a basis of t-eigenvectors indexed by the set 
Z"q X SYT(A) and we will calculate the eigenvalues explicitly. 
We define a partial order on Z"q by 

(5.4) II < v <F=^ 11+ <d v+ or = v+ and < w^, 
where we use the Bruhat order on 5„, and <(i is dominance order on partitions: 

(5.5) ji >d V if ji — v = X]r=/ ki{ei — €i+i) with ki > for 1 < i < n ~ 1. 
If /i G Z"q, 1 < i < j < n, and fii > iij, then with respect to this partial order one has 

(5.6) /i > Sij.fi + k{ei — Cj) for < fc < /i^ — /ij. 

Recall from p.4|) that for any /i G Z"q the elements v!^ are a basis of 5'^. The next theorem is the 
analogue of (j25h 2.6 in our setting, showing that the z,;'s are upper triangular as operators on Af(A) with 
respect to the basis x'^vl^ of M(A) and the order on Z"q x SYT(A) defined by 

(5.7) ifi.T) <{i,,S) ^,<ly. 
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Theorem 5.1. Let X be an r-partition of n, ii E Z"q, and let T be a standard tableau on A. Recall the 
definitions of (3 and ct given in (|2.8p and ()2.9p . 

(a) The action of t^. and Zi on M{X) are given by 

and 

Zi.x'^vt^ = {k{h^ + 1) - {di3(T{w,Ai))) - di3(T(w^{i)))-t,i-i) - Corct{T{Wf,{i)))) x^^vt^ 

(u,S)<{p,T) 

(b) Assuming that the parameters are generic, so F — C(k, Co, di, fi2, • ■ • ,dr^i), for each fj, G Z"q and 
T G SYT(X) there exists a unique t eigenvector /^.t £ M{X) such that 

fi-i,T — x'^vl^ + lower terms. 

The t-eigenvalue of ff^^x is determined by the formulas in part (a). 

Proof. The statement about the action of t^. follows from the commutation relation in the definition of the 
rational Cherednik algebra and the definition of the representation M{X). Using the commutation formula 
in Proposition 14. II for / £ <C[xi,. . . ,a;„] and y G f) and the geometric series formula to evaluate the divided 
differences, we obtain the following formula for the action of yiXi on x^v!^, in which 6j = /3(T(w^(i))) and 
flj = rct(r(?«^(z))): 



3=0 



j^i k=l 
0<l<r~l 



Co ^ {x^^ +C}x^'+^'^~'^^ + ■■■ + C}^^''-^''^x'^^^')t^^^^^^^l)vi^. 



0<;<r-l 



Using this equation and (j5.6p to identify lower terms, 



ViX'i + Co ^ t^ 



\ 



i<j<i 

0<l<r-l 



x^'vi^ = y,.x^'^^'vl^ + co ^ t^i^^^^-i .xf^vil^ 



J 



i<j<i 

0<l<r-l 



+ 1) - K - - Co C'^^'-^^^x'^^H^^^^^^ 



i<]<i 
fj.j<p,i 

0<l<r~l 



Co 



l<j<i 
fj,j<tj.i 

o<;<r-i 
lower terms 



z<j<n 
0<i<r-l 



l<i<i 
0</<r-l 



+ 1) - (4. - - cox'^./.f + CO C'^'^'-^'^x'^^^'t^ 



l<j<i 
fj,j>fj.i 
0<l<r-l 



+ lower terms 

= (^(/ii + 1) — {dbi — dbi-pi-i) — coCi) x'^vl^ + lower terms. 
This proves part (a). 
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For part (b), we will prove using part (a) that the (a priori generalized) t-eigenspaces on M(A) are 
one-dimensional. Suppose there are fJ.,v € Z"q and T, S* G SYT(A) with 

and 

K{^i + 1) - {dp^Tiw^m - dp(Tiw,,m-^,-i) - corct{T{Wf,{i))) 

= k{vi + 1) - {dp(s(v^{i))) - dp(s(v^(i)))-v,-i) - corct{S{vi,{i))) 

for 1 < i < n. By comparing coefficients of k in the equation above we find /ii = Vi for 1 < i < n. Next, 
comparing coefficients of cq implies that ct(r(i)) = ct(S'(z)) for 1 < i < n. Finally (|5.8p implies that the 
sequences C^(^(i)) , . . . , (/3(T(n)) ^/3(s((i)) ^0is(n)) ^^^^j^ ^^^^ follows. □ 

As a simple application of Theorem l5.ll we show how dominance order and certain m-cores arise naturally 
from the representation theory of the rational Cherednik algebra of type G(l, l,n). It seems likely that the 
orders described in Gordon's paper |l7h arise in this way for r > 1; if this is the case then a positive answer 
to Question 10.1 of Gordon's paper should follow. For cq ^ Z + ^, the next corollary follows from Rouquier's 
work (|29l ) and the corresponding result for the g-Schur algebra. 

Corollary 5.2. Suppose r ~ 1 and cq ~ k/m for relatively prime positive integers k and m. If L{fi) occurs 
as a composition factor of M{X) then fJ. <d X and the m-core of ^ is the same as the m-core of X. 

Proof. If occurs as a composition factor of M(A), then the t- weights of the subspace C A'I{fi) must 
occur among the t-weights of M(A). Therefore by part (a) of Theorem 1 5 . 1 1 there exist integers fii G Z>o and 
orderings bi,b2, ■ ■ ■ ,bn and b[,b2, . . . , b[^ of the boxes of A and /i so that 

(5.9) Ai, = (ct(6,) - ct(6^)) k/m. 

The first consequence is that ct(5i) = ct(6^) mod m for 1 < z < n, which implies that the m-cores of A and 
/i are equal by Theorem 2.7.41 of (|2ll). The second consequence is that ct(6i) > ct(6-) for 1 < i < n, whence 
\>d^i. □ 

The simultaneous eigenf unctions f^^T are a generalization of the non-symmetric Jack polynomials: in the 
special case when W — G(l, l,n) and A = (n) one obtains the usual non-symmetric Jack polynomials, and 
when W = G{r, 1, n) and A = (n), 0, . . . , one obtains the polynomials discovered in section 3 of (0) (which 
are a slight modification of non-symmetric Jack polynomials). In Section [HI we introduce a certain inner 
product on M(A) such that Zi is self-adjoint and t,^. is unitary. With respect to this inner product, the 
functions /^_t are pairwise orthogonal since they have distinct t-eigenvalues. For non-trivial r-partitions A 
one therefore obtains new orthogonal functions, and it should be interesting to investigate their properties, 
especially for the case of the symmetric group G(l, l,n). 

For (/ii, . . . , fin) G Z>g, define 

(5.10) 0.(/ii,^2, ■ • • = (M2,M3, • ■ ■ ,Mi + 1) and 7/i.(/^i, . . . , /^„) = (^„ - 1, /ii, . . . , /i„_i). 

These operators on Z" will turn out to correspond to the intertwiners and The following fundamental 
lemma describes how the intertwining operators act on the basis fp^^x of M{X). If the parameters are 
specialized in such a way that the spectrum of M(A) remains simple, then it allows one to give an explicit 
description of the submodule structure of M{X): see Theorem 17.51 We will also use it to prove the norm 
formula for f^^x in Theorem 16.11 



Lemma 5.3. Let /i G Z"q and let T be a standard Young tableau on X. 

(a) Suppose ^ Hi+i. If fii < /i^+i or - ^i+i ^ (3{T{wp{i))) - (3{T{w^j_{i + 1))) mod r then 

<^i-fp.,T = fsi.ii.T- 

(b) If fit > and fXi - fi^+i = /3{T{wp{i))) - P{T{wi^,{i + 1))) mod r then 

_ (6 -rco){S + rco) 

0'i-Jf_i,T — Jsifi,T, 

where 

S = K{m - /i,+i) - (d/3(T(u,^(i))) - dp(T(w^{i+i)))) - CQr{ct{T{Wf,{i))) ~ ct{T{Wf,{i + 1)))). 
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(c) Put j = Wf^{i). If in = /Xi+i then 

if Sj-i.T is not a standard tableau, 



(^1 (ct(T(j~l))-ct(T(j))) ^ /m-Sj-i.-J 



eZse. 



fd; For aZZ ^ e Z'^^, 

^■fti,T — frj}.li,T- 

(e) For all A* e Z^q, 

Proof. The method of proof for parts (a), (b), and (c) of the lemma is the same: one checks that both sides 
of the equation are t-eigenvectors with the same leading term and applies part (b) of Theorem 15.11 We use 
the fact that for generic parameters the intertwiners ct^ are well-defined on all /^^.t's, and that by Proposition 
14.21 an intertwiner applied to a t-eigenvector is a t-eigenvector if it is non-zero. 
For (a) we observe that if /i^ < /ii+i then 

o'i-fti,T = {tsi H - — ).{x'^v(^ + lower terms) = x^'-'^ts^.vl^ -f lower terms 

— x^'^''^ts^w^wQ-VT + lower terms = x^^'^v^"''^ + lower terms. 

This implies that ct^./^^t = fsi.ti,T- On the other hand, if > ^li^i and jii ~ l3(T{w^{i))) ^ /ii+i — 
P{T{w^(i + 1))) mod r then using the previous calculation gives 

(5-11) <^i-fti,T = cr.^/s./i.T = tl^.fs,ti.,T = /siM.T- 

This proves (a). 

For (b) we assume that /i^ > /ij+i and m — (3{T {w ^{i))) = /i^+i — l3{T{w^{i))) mod r and compute using 
(a), Proposition and Proposition 14.21 

„ _ 9 . _ {zi - Zi+i - coTTi){zi - Zi+i + Colli) _ (5 - rco)((5 + rco) 

0'i./^,T — CTj ■Js,tj.,T — J — 7^ ■hi-i^-.T — 75 Js,tj.,T, 

where 

(5.12) S = K{fii - - (d/3(TK,(i))) - di3(Tiw^{i+i)))) - cor{ct{T{Wf,{i))) - ct(T(w^(i + 1)))) 

is the scalar by which Zi — Zi+i acts on fsi.^j,,T- This proves (b). 

Assuming that /i^ = /ii+i and writing w = W^^ , Theorem 15. II and the formula in part (c) of Theorem 13. II 
for the action of the intertwiners on give 

CTi-/u,T = [tsi-i '^^^ — I . (x^w^ + lower terms) 

V Zi-Zi+lJ 

[ ts, + -7^. -77f7 TTTTTTr, ) .tyj.vr + lower terms 

corct{T(Wf,(i + 1))) - corct[T(w^[i))) 

1 

' rct{T{w-^{i + l))) -rct{T{w-^{i))) 
— x^tiuTj^iVx + lower terms 



= x''t^o■ + ^^,frr.f.,,^,,,,_^^,frr...,,,y, ^^-H^)-l ) -^T + lowcr terms 



where j — w ^{i) — w^(j). Combined with Theorem 13. II this proves (c). 

For (d), since does behave as well as Si with respect to our order on Z"q one first checks that 

(5.13) wt(/0.,j,T) = (p.wt{ff,,T), 

where is defined in (|5.10p and <j).wt{f^^T) is defined in (j4.15p . This is a straightforward (but somewhat 
tedious) calculation that we omit. 
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Then the equation 

(5.14) $./^,T = a;„ts„_is„_2...5i.(x''u^ + lower terms) = a;'^-^is„_is„_2... SI .w^ + ^ c^^t'X^v^, 

impHes the equahty in (d). 

Turning to (e) , we first observe that if /i„ = then by part (b) of Proposition 14.21 

^1.^./m,T = (k - idf3(T{w^{n))) - dfJ(T{w^{n)))-l) ^ Cf)rct{T {w /.{n))) - K + d^(T(i«,,(n))) " rf/3(T(tOj,(n)))-l) ^-/^.T 

= -Corct(T(w^(n)))*./^^T 

By part (a) of Theorem 15. II the weights of zi on M{X) ail have positive coefficient on k, and it foUows that 
— Cor'ct(T(wp(n))) is not a weight of zi on M(A). Hence '^■J^^t = 0. If /i„ > then we compute using part 
(d) and Proposition 14.21 

*./m.t = *.*./^.M,T = ^i./v-.M 

= (k^„ - (rf/3(T(«^.^(i))) - c?/3(T(«^.,,(i)))-(v.A')i-i) ~ corct(r(t;.0.,,(l)))) /^.^,t 
= (k^„ - (c?/3(T(^^(„))) - rf/3(T(™^(«)))-A',J - corct{T{Wf,{n)))) f^,^^T 

□ 

As a first appHcation of the Lemma, we prove a formula that should be useful in analyzing the restrictions 
ffi.T to Xi = = ■ ■ ■ = Xn = 0- It will not be used in the rest of this paper. 

Corollary 5.4. If 1 < i < n and fjLj — for j > i then 

(5.15) 2/,./^,T = 0. 

Proof. By the definition (|4.10[) of the intertwiners aj and part (c) of Lemma 15.31 we have 

is„_is„_2 - Si -/m.t" S F-span{/^_s | S a standard tableau on A}, 
and consequently part (e) of Lemma 15.31 implies 

^SlS2---Si — iyi-ffJ,,T ^Sl S2 ■■■Si — 1 yi^Si ■ ■ -Sji — l ^S,i_1Sti_2 •■ -Si //i,T ^ S-n — lSn — 2- ■ ■ Si f fl,T 

Therefore 

(5.16) Ui-ff^.T = if = for i < j < n. 

□ 

6. Norm formula 

In this section we assume that the base field is F = C(k, co, di, . . . , dr-i). Recall that we write 
for the FW^-module obtained by extension of scalars from C to F. We extend complex conjugation to an 
automorphism of F by fixing k, cq, and the dj's. 

Let {■,-)q be the positive definite W^-invariant Hermitian form on 5^ such that {vt,vt)o = 1 for all 
standard tableaux T on A. For x — X^iLi ^i^i ^ V ^-nd y — X^ILi ^iVi ^ ^ define 

n n 

(6.1) ^* = X! ^^^"^ 2^* = X! 

1=1 i=l 

The map * given hy x ^ x* , y i-^ y* , and i-^ t^-i for x G f)*, y £ [) and w S extends to a skew-linear — 
with respect to the automorphism of F defined above — anti-automorphism of H; this follows directly from 
the defining relations for H. The contravariant form on M(A) is the unique Hermitian form (•, •) on M(A) 
extending the form (., .)o on S''^ = i\f (A)*^ and satisfying 

(6.2) {t^.f,U,.g) = {f,g) {x.f,g) = {f,x*.g) and {yj, g) = {f,y* .g) 

for f,g £ M{X), w G W, x e f)*, and y G f). The next theorem gives a product formula for the norms of 
the generalized non-symmetric Jack polynomials with respect to this form. Note that it is not, generally 
speaking, a cancelation-free formula; however, if the factors in the denominator do not vanish then the zeros 
of the numerator control the radical of Af(A). 



12 



STEPHEN GRIFFETH 



Theorem 6.1. For (//,r) £ Z>o x SYT{X) write 

a, = ct(T{Wf^{i))) and h = /3(T(w;^(i))). 
Then the norm of /^.t is given by 

n Hi 

{fii.T, ff,,T) = II n ^ ~ ^b,~k) - CorOi) 
i=l k=l 

^ -Q -Q (nk - (4, - dbj - Corjaj - aj))^ - (cpr)^ 

k—hi—hj mod r 

^ -Q -j-j- (/tfe - (dbj - rfb,) - cor(aj - aO)^ - (cor)^ 

i<i<i<n i<fe<,.,-M,-i ('^^ - (^fej - '^fcJ - co7-(aj - a»)) 

Hi<lij-1 k=bj-hi mod r 

Proof. First observe that the operators Zi are self-adjoint with respect to the contravariant form: 

(6.3) z* = iviXi)* + (f>* ^ x*y* +(t>i= yiXi + (j>i ^ Zi, 
and hence 

fa A\ * I '^0'^' ^* + , '^0'^» 

(6.4) CTj = H ] =ts,+ 



Zi — Zi^l / Zi — Zi+l 

for 1 < z < n — 1 and 

(6.5) = (a;„t.„_i....J* = i.i...s„_iy„ = 

Combining these formulas with Lemma 15.31 shows that for /i„ > we have 

(/M,T,//i,T) = {^■ftlj.p,,T,^-f,p.^i,T) = {f^.^i,T,'^^-f^.^i,T) = (/i/j.^i.T, ^i/i/j.^.t) 

= (K^n - (dfc,. - db^-p,„) - coron) {f,ij.p.,T, /v-./x.r), 
if /i, > and C^'+i-''- ^ (;A'.+i-a'. then 

{fn,T,fn,T) = {o'i-fsi.fi,T,Cri.fsi.tj.,T) = (/s^.^i.T, fi^-/si./j,T) — {f Si.H,T t f Si.fi.,T) 

and if ^.^ > and (''"+1-^' = then 

{fli,T, fii,T) = {cri-fsi.ii,T,CFi-fs,.fj.,T) = {fsi.fj,,T,Crf.fs,.fj.,T) 

{K{fj.i - m+i) - {db. - db^^J - CQr{a, - a,+i)Y ~ (cQr)'^ 

— 72 \Jsi.fi.Tfsi.p,,T)- 

{K{fii - fli+i) - {db^ -~ db,^-,) - Cor(a^ - Oi+i)) 

The theorem is proved using these formulas by a straightforward induction on /ii + /i2 + • • • + thi + 1, where 
I is the length of the shortest permutation v such that w./z is in non-decreasing order. □ 

Remark 1. The radical of the form (•, •) is the unique maximal submodule of Af(A), and therefore M{X) is 
simple exactly if the form is non-degenerate. In the next section we give much more precise information on 
the submodule structure of M{X). 

7. A HYPERPLANE ARRANGEMENT AND SUBMODULES OF M(A) 

In this section we assume k ~ 1; after proving Lemma 7.1 we will also assume cq ^ (if cq — the 
algebra H becomes much simpler; see e.g. (|l3l)). Our goal is to give an explicit description of the submodule 
structure of M(A) in those cases for which t has simple spectrum on M(A). First we describe the hyperplanes 
the parameters (co,rfi, . . . ,dr-i) must avoid in order for the t-eigenspaces of M(A) to be one-dimensional. 
We define the set £\ of exceptional hyperplanes for the r-partition A as follows: 

Let C be the parameter space for H with respect to the parameters cq and di,d2, ■ ■ ■ , dr -i- Recall that 
the subscripts di are to be read mod r and do = —di — ■ ■ ■ — dr-i; this defines di for all i G Z. For integers 
k, I and m define a hyperplane Hk^i.m, by 

(7.1) Hkj,m = {(co,di, . . . ,rfr.-i) \ k = di~ di^k + mrco}. 
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Then E\ contains the hyperplanes Hk,i.m for all k G Z>o with fc / mod r, A' 0, A' / 0, and 
(7.2) ct-(A') - ct+(A'-'^') <m< ct+(A') - ct-(A'-'=), 

where for a partition v, ct+(zy) is the maximum content of a box of and ct^(j^) is the minimum content of 
a box of I'. 

For each < i < r — 1 such that A* is non-empty and all k e Z>o, £\ contains the hyperplane 

{for < m < ct+(A') if A' is a single row, 
for ct^(A*) < m < if A* is a single column, and 
for ct"(A*) - ct+(A') <m< ct+(A*) - ct-(A*) with to ^ otherwise. 

£x is a locally finite set of hyperplanes since every hyperplane it contains is the translate by a distance 
bounded away from of one of the form 

(7.4) k = di - di-k + mrco 

where < A;, ^ < r — 1 and to runs over a finite set of integers (depending on A). 
For an element {^,T) e Z^^g x SYT(A), define 

wt(Ai,T), = (Ai. + 1 - (d^(T(^,W)) - rf/3(TK,«))-^.-i) - corct(T(u;^(z))),C'^(^('""«))-^0 for 1 < z < n. 
Lemma 7.1. Suppose cq ^ 0. The following are equivalent: 

(a) The t-eigenspaces on M{X) are all one dimensional; 

(b) for all {n,T) G F, wt{^,T)i / wt{^,T)i+i for 1 < z < n — 1; 

(c) the point (cq, di, . . . , dr-i) does not lie in any hyperplane H e £\; 

(d) the functions f^_T are all well-defined; 

(e) the intertwiners Ui are well-defined on all of M{\). 

Proof. The equivalence of (b), (c), (d), and (e) follow from the definitions and the observation that if f^^x is 
well-defined and wt(/i, r)i — wt(/i, T)i+i then tsi-ffi,T is a generalized eigenvector of weight wt(/i,T) which 
is not a genuine eigenvector. That (b) implies (c) is a straightforward check. 

Finally, we prove that (c) implies (a). Suppose that (c) holds and that {n,S), {v^T) G F with wt{fi,T) = 
wt(i', S). Since wt(/x, 5) = wt(z/, T) for 1 < i < n we have 

(7.5) - = /3(6) - /5(6') mod r and - j/; = - d/3(b') + rco(ct(6) - ct(6')), 

where b — S{w^{i)) and b' = T{v^{i)). Thus fii — Vi ^ mod r. By (c), if fii ^ i>i then b and b' appear in 
the same component A-' of A, A^ is either a single row or single column, and 

(7.6) ct(6) > ct(6') if A-' is a column, and ct(6) < ct(6') if A-' is a row. 
It follows that if fii > for some 1 < i < n then 

(7.7) w^{i) = S-\b) < S-\b') = S-^T{v,{i)). 
In particular, taking i = w'^^{n) shows 

By symmetry, < A*„-i(„) and it follows that /Lt^ — and n — S^^Tv^w'^^{n). Now taking i = w^^{n — l) 
shows that if fi^-i > '^w;;^(n-i) 

(7.9) n ^ l< S-'^Tv^w-\n - 1) =^ S-'^Tv^w~\n ^ 1) ^ n, 

contradicting our previous calculation. We conclude as above that = i^n-i and n — 1 = S^^Tv^w^^ (n — 
1). Continuing in this fashion we obtain S~^Tv,^w~^{i) = i for 1 < i < n which combined with the equation 
wt(/i, S*) = wt(i/, r) implies {fJ-, S) = {iy,T), contradiction. □ 

If condition (a) of Lemma [7.11 holds we say that the spectrum of A/(A) is simple. When the spectrum of 
M(A) is simple, the calibration graph of M(A) is the directed graph F with vertex set 

(7.10) r = {(/i,T) I eZ5o,reSYT(A)} 

and with directed edges given by: 

(7.11) (/i,T) ^ (si.^,T) <^=^ Hi Hi+i and ai.ff^.T 0, 
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and with j = u'^ (i) 

(7.12) ifJ-jT) — > (/X, Sj-i.T) <;=^ /i^ = /i^+i and Sj-i.T is a standard tableau, 

(7.13) (fi, T) ~* {<j).pL, T) for all /i, T, 
and when /i„ > 

(7.14) (/i,r)^(^./i,T) ^ *./,,,T^0. 



We also define the generic calibration graph Fs^"^ by removing the conditions in (|7.1ip and (|7.14p . A subset 
X C F is closed if T) e X and T) ^ (i^, S") implies that {v, S) £ X. 

Lemma 7.2. Suppose the t-spectrum of M{\) is simple. Then the set of submodules of MiX) is in bijection 
with the set of closed subsets of T, via the mapping associating to a submodule M the set of (/i, T) with 
U,T G M. 

Proof. Straightforward; the points are that every non-zero submodule M of M(A) contains some /^^t and if 
a subspace M is closed under t, $, and (Ti, . . . , (T„_i then it is closed under all of H. □ 

Thus in the situation of Lemma 17.11 the study of the submodule structure of M(X) is reduced to the 
study of the digraph F. We next describe the closed subsets that can arise. For a box 6 G A and an integer 
k G Z>o, define the subset Tb^k ^ F by 

(7.15) rb,fc = {(M,T)GF I >/c} 

where fi^ — w^.ji is the non-decreasing (i.e., anti-partition) rearrangement of /i. For an ordered pair of 
distinct boxes 6i, 62 G F and an integer k G Z>o, define the subset Fb^ ^^jt of F by 

(ji,T) eTb^^b2.k either - > fc 

We write 

(7.16) MbM = C-span{/^^T | (m, T) G Tb,k} and Mb.^t^.k = C-span{/^,T | (//, T) G Ffc,,^,,^} 

for the C-spans of T^^k and Tb-^^b^^k- 

For an element {fj,, T) G F define the inversion set Rip, T) by 

(7.17) i?(/i, r) = {Ffc^fc I (Ai, T) G Fb,fc} U {TbM I (a*, T) e Tb^.fc^.fe}- 

The size of i?(/i, T) is a measure of how far fx is from the zero sequence. 

The following technical lemma describes the properties of inversion sets we will need for our proof of 
Theorem 17.51 Its proof is a straightforward unwinding of the definitions and we omit it. 

Lemma 7.3. (a) For T) G F put fc = /.Ji + 1 and b = T{v^,^{n)). Then 

i?(0.M,T) =i?(Ai,T)U{Ffc,fc}. 

(b) Suppose < /ii+i and put k = /i^+i — fii, 61 = T{Wfj^{i + 1)), and 62 = T{w^{i)). Then 

R{si.p, T) = R{p, T) U {Tb^.b2,k} 

(c) Suppose = /ii+i and let j = w^{i). Then 

i?(M,s,-i.T) = i?(/i,r). 

The next lemma describes the minimal length paths between two elements of F^''". It is the final combi- 
natorial fact we need for the proof of Theorem 17.51 

Lemma 7.4. Let (/i, T), [v, S) £T be two elements ofT . Then there is a sequence {p, T) = (/^Oi ^o), (/xi, Ti), . . . , {^m, T,n) = 
{VtS) of elements of T such that {^i^Ti) is adjacent to (yLti_i, Ti__i) in F^*^" and R{^i,Ti) is either equal to 
R{pi-i,Ti^i) or is obtained from it by adjoining some element of R{v,S) or by deleting some element not 
in R{v, S). 
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Proof. Define the distance between (/i, T) and {i>, S) by 

(7.18) d{{ii,T),{iy,S)) = \R{^i,T)AR{j^,S)\+l{S-^T) 

where XAY is the symmetric difference of the sets X and Y and 1{S^^T) is the length of the permutation 
First suppose that 

and for all 1 < i < n — 1 

(7-20) if ^l^ < fJ.^+l then {ly, S) ^ TT{w^{^+l)),T{w^i^)),^,i+,-^Li, 

(7-21) if A^i > Mi+i then (;/, S") € T^T{w^{i)),T(w^{i+i)),f,i-t^,+i- 

and 

(7.22) if /ii = /ii+i and j — u'^(i) then either Sj^i.T is not a tableau or l(S^^Tsj^i) > 1{S^^T). 
We will show that in this case (/i,T) — {v, S). First observe that by (|7.19p 

(7.23) ^S-i(T(tOj,(l))) - ^^"^ '^S-i(T(«if,(n))) - 

If /xi < /Z2 then by (fr20| 
with equality only if 



V 



S-i(TK,(l))) 



Ml and v-'S~'Tw^{2)>v-'S-'Tw^{l)- 



if Ml > M2 then by (fT^ 

C^-^^) ^S-i(T(™^,(l))) ^ ^S-i(T(t«^,(2))) ^ /^l ~/^2 ^ ''S-i(T(to^(2))) 

with equality only if 

^s-^T(w^(i))) = Ail and v-^S~^TWf,{l) < y-^ S-'^TWf,{2)] 
if /ii = /i2 then since w,j(2) and Wp(l) appear in adjacent boxes of A if Sj-i.T is not a tableau, (|7.22p implies 

and hence 

i'^-'^^) ^S~^{T{w^{2))) - ^s-i(r(«'^(i))) ^ Ml = M2, 

with equality only if 



1/ 



^.y. = Ml and ^Tw^{2) > ^Tw^(l) 



s-i(T(«,^(i))) 
Continuing in this way we obtain 

(7.27) ^s-l(T(^,(^))) ^ ^» for 2 < i < n, 

with equality implying 

'^S-HT{w^{t-m = ^^i7^'S'"^Tu;p(i) > i;-iS'-iTu;^(i - 1). 

Since I'^-ij-y^y, > Mn, the equalities all hold and hence 

^S-i(T(u;^(»))) = for 1 < i < n and ■i;^7^S'"^Tii;^ = 1. 

It follows that ^ — V and S — T . 

Now if at least one of the conditions (|7.19|) . (|7.20[) . (|7.21|) . and (|7.22p does not hold then we can find 
(m', T') adjacent to (m, T) in Fs™ such that d{{^i' , T'), {v, S)) < d{{n, T), (i/, S*)) and R{fi' , T') is either equal 
to R{fj,,T) or is obtained from it by adjoining an element of i?(i^, S) or deleting an element not in i?(^, S), 
and the proof of the lemma is completed by induction. □ 

Finally we give our description of the set of submodules of M (A) . 
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Theorem 7.5. Suppose that the t-spectrum of M(X) is simple (see Lemma [7.i| j, and recall the sets Mb^k 
and Mb^^b2,k defined in (|7.16|1 . 

(a) Let k G Z>o and 6 G A*. Then Mb,k is an M-submodule of M{X) exactly if k = dt — di-k + rct(b)co. 

(b) Let k G Z>o and hi, 62 G A. Then Mb^^b2,k is an M-submodule of M(A) exactly if k — (3{bi) — /3(&2) 
mod r and k — dj^i^bi) ~ '^p(b2) + T{ct{bi) — ct{b2) ± l)co. 

('c^ Every submodule of M{X) is in the lattice generated by those of types (a) and (b). 

Proof. For (a), we must check when fc is a closed subset of F. By Lemma [7.31 we need only establish the 
conditions under which: if /i„ ^ 0, {fJ-,T) G Ff,^fc, and {ip.^^T) ^ F^ fc then 

(7.28) ^-./^.T = 0. 

Since {n,T) G Fb^fc but {ip.^,T) ^ Ff,_fc, we must have fin = k and there are precisely n — T^^lb) + 1 parts 
of /i of size at least k. Hence 

(7.29) w^{n) = n-\{l<i<n \ ^l^■>k]\ + \ = T^^ib). 
By part (e) of Lemma 15. 3[ 

= (m« - (rf/3(T(«,^(n))) - rf/3(T(«,^(«)))-p„) - rcoct(T(w^ (n))) /^.^,T 
= (k - {di - di^k) ~ rcoct(6)) f^.f_,^T 

by our assumption, proving (a). 

The proof of (b) is similar. By using Lemma 17.31 we need only establish the conditions under which: if 

{H,T) G Tbi^b2,k and {si.n,T) ^ Tbj^,b2,k, then ai.ff_,^T = 0. By definition of Fb^^b^^fc we have 

%^T-\bi) =i, w-^T-'^{b2) =i + l, and MT-i(bi) ~ /-^T-Mbs) = ^' 

and hence 

(7.30) - fi^+i = A*^-i(bi) ~ MT-i(b2) = ^ = /^(^i) - /^(^2) mod r. 
By Lemma [5731 part (b) 

O-j-Z^.T = (fc - (d/3(f,i) - C^/3(f,2)) ~ ?'co(ct(6i) - Ct(62) + 1)) 

X (fc - (d/3(bi) - C^/3(b2)) - reo(ct(&i) - Ct(62) - 1)) fs,.fj..T- 

This proves (b). 

We now prove (c). Fix {fJ.,T) G F. By using Lemma 17.41 the submodule generated by /^^t is equal to 

C-span{/^.S I Rif^, T) n C C R{iy, S) D C} 

= n Mb,fen Pi Mb,,b2,k 
(M,T)fEr6,fc (At:T)er6i,i,2.fc 

where 

(7.31) C = {Fb,fc I Fb,fc is closed} U {Fbi,b2,fe I ^bi,b2,k is closed}. 

Here we used the fact that if Oi.f^^T = then {ti,T) G Fbi,b2,fc and {si.^,T) ^ Fbi,b2.fe for some closed set 
rbi,62,fc, and if > and "^-f^i^r — then (/i,T) G Fb,fc and {ip.^jT) ^ Fb,fc for some closed set Fb,fe. 

Since any submodule is equal to the span of the eigenvectors f^^T that it contains, (c) is proved. □ 

Remark 2. The paper uses the representation theory of rational Cherednik algebras to prove a conjec- 
ture of Haiman on the ring of diagonal coinvariants of a Weyl group W . The key point is the calculation of 



the graded VF-character of L{1), the irreducible H-module corresponding to the trivial 14^-module. In (j3ll ). 
an analog of this theorem is proved for the groups G{r^p,n) when p < r; a simplified version of Theorem 
17.51 is used in (flil ) to obtain the results of (fill ) without restriction on p and without appealing to the KZ 
functor. 

8. Examples and some finite dimensional H-modules 

We next illustrate the scope of the theorem in the cases W — G{1, 1, n) and W — G{2, 1, n), and close by 
showing how it may be applied to produce a large supply of finite dimensional H-modules when r is large. 
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8.1. G{1, 1, n). In case W — G{1, 1, n), and assuming for simplicity that A is not a row or column, the scope 
of our results is quite limited: t acts with simple spectrum on M{X) (for A a partition) exactly if 

d ^ 

Co ^ U 

1=1 

where d = ct+(A) — ct^(A) is the difference between the largest and smallest contents of boxes of A (it does 
not seem unreasonable to call d the "diameter" of A). In this case, A/(A) has a proper non-zero submodule 
exactly if 

(8.1) Co = for some integer m with (m, d) = 1. 

d+1 

In fact, assuming m > and writing bi (respectively, 62) for the upper right-hand (respectively, lower 
left-hand) box of A, part (c) of Theorem 17.51 shows that the unique proper non-zero submodule of M(A) 
is Mf,i^f,2_m- In this case it should be possible to obtain a concordance with the results of (30|), where the 
t-diagonalizable L(A)'s are analyzed. None of these is finite dimensional. By the results of (jSj) there are no 
finite dimensional modules for the rational Cherednik algebra of type G(l, 1, n), and the quotient of L{X) by 
Xi + X2 + ■ ■ ■ + Xn is finite dimensional exactly if A = (n) and cq = k/n with (k, n) = 1 and k G Z>o. 

8.2. G(2, 1, n). If = G(2, 1, n) is the Weyl group of type i?„, slightly more interesting things can happen. 
Assume that A is a partition of n that is not a single row or column. Then as in the previous example the 
t-spectrum of M(A, 0) is simple exactly if 

d 

(8.2) CO ^ U jZ. 

1=1 

For a box 6 G A, the set M^^k is a submodule if and only if A; is a positive odd integer and 

(8.3) do - di + 2ct(6)co = k; 

given the assumption on the t-spectrum of AI (A) at most one such equation can hold, but it may give rise to 
multiple submodules Mi,,k (one for each box b with the appropriate content). On the other hand, if bi and 
62 are the upper right-hand and lower left-hand corners of A, then Mh^^fj^.fe is a submodule exactly if k is an 
even integer and 

(8.4) 2(d-t- l)co = fc. 

There is only one submodule corresponding to this equation. Some examples of finite dimensional modules 
L(A, 0) follow (proofs in a more general setting are provided by Corollarv l8.ip : 

(a) A is a rectangle, in which case L(A, 0) is finite dimensional exactly if 

do — di + 2ccq — k or by using the relation dp + di = 0, do co = fc/2 

for some odd k e Z>o, where c is the content of the lower right-hand corner of A. These represen- 
tations are a special case of the representations constructed for wreath product symplectic reflection 
algebras in (jlST). Their dimension is given by 

dimc(L(A)) = fc"dim(S'^) 

(b) A is of the form A = (toi +TO2, ^1, . . . , mi) for some positive integers mi, TO2 and the parameters 
satisfy 

do — di -|- 2cco = k and 2(d -I- l)co = I 

for some positive odd integer k and positive even integer where c is the content of the lower outside 
corner box of A and (as in lB.ip d is the diameter of A. A combinatorial formula for the dimension of 
L(A) follows from Theorem 17.51 We hope to return to the problem of giving uniform combinatorial 
formulas for the dimensions (and graded W^-characters) of the finite dimensional H-modules once we 
have understood the submodule structure in greater generality. 

(c) A is the transpose of type (b). We leave the details here to the reader. 
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As far as we are aware, types (b) and (c) have not appeared before. They do not show up if the parameters 
ci = do and co are equal, hence are (so far) invisible from the "geometric" point of view. 

The case when A consists of two non-empty partitions is in some sense simpler and we leave it to the 
interested reader to work out the possible submodules. 

8.3. Finite dimensional H- modules. An outside corner of an r-partition A is a box b oi X such that there 
exists a standard tableau T G SYT(A) with T^^{h) = n. After reading the statement of the next corollary, 
the reader may wish to refer to Theorem 17.51 for the equational characterization of when certain subsets of 
M(A) are submodules. 

Corollary 8.1. Suppose that A is an r-partition of n and that the spectrum of M{\) is simple. If for every 
outside corner h of X there exists a sequence b — bQ,bi, . . . ,fe2m-i,^2m of boxes of X and positive integers 
fco, fci, . . . , km such that 

(a) for 1 < i < m, we have P(b2i) — /3(62i~i) o-nd 621 appears to the right and below b2i-i, 

(b) for < « < m — 1 the set Affj^^.bj.^^^^A;. is an W-submodule, and 

(c) the set Mh^^^k^ is an M-submodule, 
then L{X) is finite dimensional. 

Proof. By Theorem 17. 5[ a basis for L{X) is indexed by 

(8.5) {{fi, T) I {p., T) ^ Tb^fc if Tb^k is closed and (^, T) ^ Tb^^b2,k if ^btM,k is closed}. 

Fix T e SYT(A). Let b = T{n) so that b is an outside corner of A. Note that for any boxes 6, b' of A and an 
integer fc, if {pL,T) ^ F^jt then /iy-ij-^) < k and if {pi,T) ^ Fb^b/^fc then < MT-i(b') + ^- Furthermore 

if b' appears to the right and below b then T~'^{b') > T~^{b). Therefore our hypotheses imply that if (/i, T) 
is an element of the set (|8.5p then /i~ < ko + ki + ■ ■ ■ + k,n, and hence the set (|8.5p is finite. □ 



As a particular special case, let &i, 62, ■ ■ ■ , G A be the outside corner boxes of A. If the spectrum of 
M{X) is simple and there are positive integers fci, ^2, • ■ • , km with 

(8.6) di3(^bi) - di3{bi)-ki + rcQCt(bi) ^ ki for 1 < i < m 

then CoroUarv 18.11 shows that L{X) is finite dimensional. The assumption that the spectrum of A/(A) is 
simple may mean no such integers exist, but if r > 2n then a dimension count shows that for every r- 
partition A of n there is a choice of parameters for which the t-spectrum of A/(A) is simple and L{X) is finite 
dimensional. More generally, if N is the number of non-empty A"s and the number m of corner boxes of A 
satisfies m < r — N , then there is a choice of parameters for which L{X) is finite dimensional. Certain of 
these modules (those in which each A' is a rectangle) have been considered by yj) and (23) in the broader 
context of wreath product symplectic reflection algebras. 

We now give a somewhat more involved special case in order to illustrate the extent of Corollarv l8.ll Let 
A be the 5-partition 













67 


M M . , 














65 






be 





with boxes labeled 61, 62, 63, 64, 65, fcg and 67 as shown. Suppose the parameters satisfy the system of equations 





- dp[b2)- 


.3 + 5ct(62)co = 3 






'^,3(66) 


- dp(be)- 


_4 + 5ct(66)co = 4 






'^/3(fci) 


- d-f^ibs) 


-1- 5(ct(6i) - ct(63) - 


hl)co 


= 9 




~ ^/3(b5) 


+ 5(ct(64) - ct(65) - 


hl)co 


= 3 


df3(bj) 




-1- 5(ct(67) - ct(65) - 


hl)co 


= 10 



and that the spectrum of M{X) is simple (in fact, the unique parameter choice satisfying our system is 
Co — 2/7, di = —17/7,^2 = —5/7,(^3 = 12/7,^4 = —6/7, and with this choice the spectrum is simple). It is 
routine to check that for each of the corner boxes 61,62,64,65, and 67 of A, the conditions of CoroUarv 18.11 
hold: for the box 62, this is ensured by the first equation, for be by the second equation, for 64 by the fourth 
and second equations, for 67 by the fifth and second equations, and for 61 by the third, fourth, and second 
equations. 
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9. Clifford theory and the descent to G{r,p,n) 

In this section we write H for the rational Cherednik algebra of type G{r, l,n), we fix a positive integer p 
dividing r, and we assume that di — dj for i — j mod r/p. We write Hp for the rational Cherednik algebra 
of type G{r,p, n). If we also assume that n > 3 then Hp may be realized as the subalgebra of H fixed by the 
cyclic group of automorphisms generated by the map a given by 

(9.1) a{xi) = Xi, a{yi) = yi, a{t^) = t^, and = C^^'tCi 

for 1 < i < n and w G G{l,l,n). We will modify the version of Clifford theory given in the appendix of (j27l ) 
to deduce information on the Verma modules for Hp from information on the Verma modules for H. The 
results of this section can be used to relate representations of H to those of Hp even when the functions /^^t 
are not well-defined. Since this technique is now standard, we do not include proofs of most of the assertions 
made here; the interested reader should have no difficulty supplying them. 

Let M be an H-module, and define the a- twisted module Af " to be the H- module whose underlying vector 
space is M, but with H-action given by 

(9.2) f.nf =a{f).m for / £ H and m £ Af, 

where m" is the element of A/" corresponding to m G M . Notice that the map m m" is an Hp-module 
isomorphism and that the map N i— > A^" is an isomorphism of the lattice of H-submodules of M onto the 
lattice of H-submodules of Af". In particular, the radical of Af" is rad(Ai^)". 

For the Verma modules M{X), we can make all this more explicit: let C be the cyclic shift operator 
on r-partitions defined by C(Ao, Ai, . . . , A.r_i) = (A^-i, Aq, . . . , Ar-2) and also write C for the bijection 
C : SYT(A) SYT(C.A) given by cychc shifting. Define an F-finear map C : M{X) M{C.\) by 

(9.3) C{fvT) = fvc.T for / G S'(f)*) and T e SYT(A). 

Then the map fv^r/p rp ^ (/i't)" defines an isomorphism M{C^/p.X) = M{X)" of H-modules. Now let k 
be the smallest integer so that Af (A)"'' = Af(A) as H-modules. Then k is also the smallest integer so that 
Qkr/p x = X, and the map C^'^'P is an Hp-module automorphism of Af (A). For < g < p/k — 1 let Af (A, q) 
be the the C'^^^^-eigenspace of C'^''/^ on M{X). Thus 

p/fc-i 

(9.4) Af(A)= Af(A,g) 

9=0 

and we let tt^ : A'/(A) M{X,q) denote the projection onto the qth summand. The formula 7rg(i^j./) = 
t^^.7rg+i(/) show that induces a vector space isomorphism of A'/(A, q + 1) onto A/(A, q) (where q is to be 
read modulo p/k). 

It is a standard part of the representation theory of G{r,p,n) that the non-zero eigenspaces of G'^^^p 
restricted to S'^ C M{X) are pairwise non-isomorphic irreducible G'(r, p, n)-modules and that as A ranges 
over a set of representatives for the C^^-orbits on r-partitions of n we obtain each irreducible G{r,p,n)- 
module exactly once. It follows that the module Af(A, q) is a Verma module for Hp, and that all the Verma 
modules for Hp arise in this way as summands of Verma modules for H. The following theorem relates the 
irreducible heads of the Verma modules for H and Hp. It is easily obtained from what we have done. For a 
graded vector space A, we write Ai for the ith graded piece. 

Theorem 9.1. The radical of M{X,q) is t: q{rad{M {X)) . Furthermore, rad{M{X)) is a G'^^^^ -stable submod- 
ule of M{X), so C'"'/P acts on L(X) with eigenspace decomposition 

m= ^A,g), 

0<<3<p/fc-l 

where L[X,q) is the irreducible head of M{X,q). The element G H maps M{X,q) into M{X,q — 1) and 
induces a vector space isomorphism of L{X, q) onto L{X, 9 — 1) (q and 9 — 1 should be taken modulo p/k); in 
particular the graded dimension of L{X,q) is given by dim{L{X, q)i = ^dim{L(X)i). 

In particular, in those cases in which the t-spectrum of Af(A) is simple, the preceding theorem combined 
with the results of Section [7] can be used to obtain explicit bases for the modules L(A, q). 
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